Alex Gittens
January 26, 2007

ACM 104: HW 2

Exercise 1. Let V and W be finite-dimentsional vector spaces and let 7' : V' — W be a linear transformation.
Let 8 be an ordered basis for V. Prove that T is an isomorphism if and only if T'(3) is an ordered basis for
w.

Proof. Assume dim(V') = n, T is an isomorphism and there are «; such that

> aThi=0=aTh=-Y aTh=T(up)=T (- Z%ﬂi) :
i—2

i=1 =2

Since T is one-to-one, this implies

a1 = *Zazﬂi = Zalﬂi =0
1=2 =1

and since [ is linearly independent, a; = 0 for all 4, showing T'(3) is also linearly independent. Therefore T
is an isomorphism implies T'(3) is a basis.
Assume T'(3) is a basis, then clearly T is onto. Furthermore, let x € N(T), then there are o; such that

xZiaiﬁi :>0:T$=zn:aiT5i7

i=1 i=1
and since T'(8) is linearly independent, this implies a; = 0 for all i. Therefore x = 0, so N(T) = {0} and T

is one-to-one. Therefore T(8) a basis implies T is an isomorphism. O

Exercise 2. Let V and W be finite-dimensional vector spaces and let 7' : V' — W be a linear transformation.
Let 5 and ' be ordered bases for V, and let v and 4" be ordered bases for W. Let Q = [ ]g, and P = [I]],.
Prove that

(T = PUTIQ.

Proof. Using Theorem 2.16 twice,
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By Theorem 2.21, [I]

Exercise 3. Let V = R? and define f1, fo, f3 € V* as follows:

fl(mayvz):x_2y7 f?(x7y7z):x+y+za f3($7yaz):y_3z
Prove that 0* = {f1, fa, f3} is a basis for V*. Moreover, find a basis § for V such that the dual basis of 3
is B*.
Proof. Let oy, as,as be such that > a;f; =0, i.e. for all (z,y,2) €V,

ar(z —2y) +ag(z+y+2)+as(y—32) = (a1 + a2)x + (—201 + a2 + a3)y + (a2 — 3a3)z =0,
1



2
and choosing the values (1,0,0), (0,1,0), and (0,0, 1) for (z,y, z) gives
ar +az =0
—2a1 +as+az3 =0
as —az =0
or ag = —q1 and ag = %042 = —%al, so —2a1 — g — %al =0=a;=0,s0 a1 =ay =az =0and fi, fo, f3
are linearly independent. Since dim(V*) = dim(V) = 3, /3 is a basis for V*.

Since E* = {x,y,z} is the dual basis to E = {e1,ea,e3}, if v = vie; + voeg + vzes € V and f =
w1 + way + wzz € V*, then

f(v) = wiz(v) + woy(v) + w3z(v) = wivy + Wwave + wavs = [f]E-[v]E.
If 6 = {/817ﬂ25/63} is such that /6)* = {f17f27.f3}a then
fi(Bj) = i 5 = [filp-[Bjle,

or
1 -2 0 bip bi2 b3
11 bog bao bz | =1,
0o 1 -3 bs1 bzo b33
where B; = Z?:1 b; je;. Note that this condition both necessary and sufficient: by the uniqueness of the

inverse of the matrix, this relationship is satisfied by exactly one set of {b; ;}, so the § which has these {b; ;}
as coeflicients satisfies 5* = {f1, f2, f3}-

Since .
bii bi2 bigs 1 -2 0 2 & 2
ba1 b2 bas| =11 1 1 =12 &5 % |
bsi b3 b33 0o 1 -3 T x5 2
2 3 1 3 3 1 1 1 3
B = {561 T 1092 T 0% 54 + 10 + 0 104 + 082~ 1063}
is such that {f1, fa, f3} is the dual basis to 5. a

Exercise 4. Let V be a finite-dimensional vector space with ordered basis 3. Let 1 be the isomorphism
between V and V** defined by ¢(x) = &. Prove that ¢(5) = 5**.

Proof. Let 3= {B1,...,B,} and 3* = {B%,.... 85}, then ¥(B) = {B1,..., B} C V** and 3;(35) = B (B:) =
dij. In particular, if v =37, ;87 € Vi,

Bz(v) = Bz Zagﬂ; = Z%‘@'j = Qy,
j=1 j=1

SO BZ is the i-th coordinate function with respect to the basis 8*. Therefore by definition t(3) is the dual
basis of 8*, or ¢¥/(5) = 8**. ]

Exercise 5. Let V and W be finite-dimensional vector spaces and let T': V' — W be a linear transformation.
Let 11 be the isomorphism between V' and V* defined by 1 (2) = & and 12 be the isomorphism between W
and W** defined by ¥2(y) = §. Show that

ol = Ty



Proof. Let x € V and w* € W*, then T%); : V — W** and 4T : V — W** and

(T"¢y2) (w") = (T"&) (w*) = #(T'w") = (T'w")(z) = w*(Tx) = Ta(w*) = (YsTa)(w"),

so TPy = oT.

O

Exercise 6. Let T : Po(R) — P»(R) be defined by T(f) = f(x) + 2f'(z). Find the eigenvalues of T, and

find an ordered basis for P>(R) such that [Tz is a diagonal matrix.

Answer. Let 8 ={1,z,2%}, then T(1) = 1, T(x) = 2z, and T(2?) = 322, so by definition

100
Tls=10 2 0o,
00 3

so (3 is a basis in which [T is diagonal. Furthermore,
det(T' — M) =det([T]g — AI) = (1= AN)(2-N)(B—-N),

so the eigenvalues of T" are 1,2, 3.

Exercise 7. A scalar matrix is a square matrix of the form AI for some scalar .

(a) Prove that if a square matrix A is similar to a scalar matrix A, then A = A\I.

(b) Show that a diagonalizable matrix having only one eigenvalue is a scalar matrix.

(¢) Show that
1 1
0 1

is not diagonalizable.

Proof. (a) If A ~ M\, there is an invertible matrix @ such that A = Q7'A\Q = MQ7'IQ = \Q™'Q = ),

so A=\

(b) If D is a diagonalizable matrix with one eigenvalue A, then there is an invertible matrix @ such that

_ (A0
o0 (2 %o

By (a) above, since D is similar to a scalar matrix, it is a scalar matrix.

(c) Let A be the given matrix, then det(4 — AI) = (1 — \)?, so the eigenvalues of A are both 1. By (b)

above, if A were diagonalizable, it would be a scalar matrix; since A is not a scalar matrix, it is not

diagonalizable.

Exercise 8. Let T': M, xn(R) — M,,«,(R) be a linear operator defined by T'(A) = A’.

(a) Show that £1 are the only eigenvalues of T
(b) For n =2, find an ordered basis 8 for Max2(R) such that [T]s is diagonal.
(c¢) For n > 2, find an ordered basis 8 for M,,«,(R) such that [T]s is diagonal.

Answer.

(a) Assume A is an eigenvalue of T, then there is a non-zero A € M, «,(R) such that T(A) = A4, so

A= (AY)" =T%(A) = T(\A) = A2A4,

]



so 1 =A% = X € {1,—1}, so the only potential eigenvalues of T" are 4-1. But clearly [ is an eigenvector

corresponding to eigenvalue 1, and the matrix

0 1 0
-1 0
0

0 00 0 O
is an eigenvector corresponding to eigenvalue —1, so 1 and —1 are the only eigenvalues of T

(b) From the argument in (¢) below, the ordered basis

lo 66

is such that [Tz is diagonal.

(¢c) Let m > 2, then to diagonalize T it is necessary to find a basis of eigenvectors, that is, of symmetric
and skew-symmetric matrices. Let ST C Mpx, and S® C M,x, denote respectively the subspace of
symmetric matrices and the subspace of skew-symmetric matrices. Note that —A? = A = A* = A = {0},
so ST NS™ = {0}; also, if A € M, x»n,

A+ Al A— Al
4= () (557)

where the first matrix in the decomposition is in S and the second is in S™. This shows M, x,, = ST ®S”,

so if By is an ordered basis for S7 and (_ is an ordered basis for S”, then 3 = 8, U 3_ is an ordered
basis for My, «,,.

Note that every symmetric n xn matrix can be written as a unique linear combination of the n(n+1)/2
= 0;,70j,c + 05,¢0;,; this shows the set 84 =

{E;ij:i,5 €{l,...,n} and i < j} is a basis for ST. Likewise every skew-symmetric n x n matrix can be

matrices U; ; where 4,5 € {1,...,n}, i < j, and (U, ;)

r,C

written as a unique linear combination of the n(n —1)/2 matrices L; ; where 4,j € {1,...,n}, j <1, and
(Lij), .= 0ir0jc — 0ic0j,; this shows the set f_ = {L;; :i,j € {1,...,n} and j < i} is a basis for S”.
Therefore § = G U B_ is a basis of M,,«, consisting of eigenvectors of T', so [T is diagonal.



