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ACM 104: HW 6

Exercise 1. Let T be a linear operator on an inner product space V , and let W be a T -invariant subspace
of V . Prove the following:

(a) If T is self-adjoint, then TW is self-adjoint.
(b) W⊥ is T ∗-invariant.
(c) If W is both T - and T ∗-invariant, then (TW )∗ = (T ∗)W .
(d) If W is both T - and T ∗-invariant and T is normal, then TW is normal.

Proof. (a) Let x ∈ W , then
〈TW x, x〉 = 〈Tx, x〉 = 〈x, Tx〉 = 〈x, TW x〉,

so TW is self-adjoint.
(b) Let y ∈ W⊥ and x ∈ W then

〈T ∗y, x〉 = 〈y, Tx〉 = 0

since Tx ∈ W , so T ∗y ∈ W⊥. That is, W⊥ is T ∗-invariant.
(c) Assume W is both T - and T ∗ invariant. Let x, y ∈ W , then

〈TW x, y〉 = 〈Tx, y〉 = 〈x, T ∗y〉 = 〈x, (T ∗)W y〉,

so (TW )∗ = (T ∗)W . Define T ∗
W = (T ∗)W = (TW )∗.

(d) Assume W is both T - and T ∗-invariant and T is normal. Let x ∈ W , then

TW T ∗
W x = TW T ∗x = TT ∗x = T ∗Tx = T ∗TW x = T ∗

W TW x,

where each step is well-defined because of the T - and T ∗-invariance of W . Since TW and T ∗
W commute,

TW is normal.
�

Exercise 2. Let T be a normal operator on a finite-dimensional inner product space V . Prove that N (T ) =
N (T ∗) and R(T ) = R(T ∗).

Proof. Notice
x ∈ N (T ) ⇔ 0 = ‖Tx‖ = ‖T ∗x‖ ⇔ x ∈ N (T ∗),

so N (T ) = N (T ∗).
Furthermore,

y ∈ R(T )⊥ ⇔ 〈T (T ∗y), y〉 = 0 ⇔ 〈T ∗y, T ∗y〉 = 0 ⇔ T ∗y = 0 ⇔ y ∈ N (T ∗),

so R(T )⊥ = N (T ∗); similarly, R(T ∗)⊥ = N (T ). Consequently, R(T ) = N (T ∗)⊥ = N (T )⊥ = R(T ∗). �

Exercise 3. Let T be a normal operator on a finite-dimensional real inner product space V such that the
characteristic polynomial of T splits. Prove that V has an orthonormal basis of eigenvectors of T .

Adaptation of Thm 5.29 in the class notes. Since the characteristic polynomial of T splits, by Schur’s the-
orem, there is an orthonormal basis β = {v1, . . . , vn} for V such that A = [T ]β is upper triangular. In
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particular, v1 is an eigenvector of T . Assume v1, . . . , vk−1 are eigenvectors of T . Write

A =

(
B C

0 E

)
, A∗ =

(
B∗ 0
C∗ E∗

)
.

Since v1, . . . , vk−1 are eigenvectors of T , B is a (k−1)× (k−1) diagonal matrix. Moreover, we have Ajk = 0
if j > k since A is upper triangular. Since T is normal, v1, . . . , vk−1 are also eigenvectors of T ∗; since
A∗ = [T ∗]β , this means C∗ = 0. Since E is upper triangular and C = 0, the only nonzero entry in the k-th
column of A is Akk, so vk is an eigenvector of A.

Therefore β = {v1, . . . , vn} is an orthonormal basis for V consisting of eigenvectors of T . �

Exercise 4. Let V be a finite-dimensional real inner product space. Let U and T be self-adjoint operators
such that UT = TU . Prove that there exists an orthonormal basis for V consisting of eigenvectors of both
U and T . (Hint: Let W = Eλ be an eigenspace of T . Prove that W is both T - and U -invariant.)

Proof. Given w ∈ Eλi
,

TUw = UTw = λiUw ⇒ Uw ∈ Eλi ,

so Eλi
is U -invariant. By (1a) above, UEλi

is self-adjoint, so there is an orthonormal basis βi for Eλi

consisting of eigenvectors of U which are also eigenvectors of T . Since T is self-adjoint, it is diagonalizable,
so V = ⊕iEλi . Therefore β = ∪iβi is an orthonormal basis for V consisting of eigenvectors of both U and
T . �

Exercise 5. Let A be an n× n real symmetric or complex normal matrix. Prove that

tr(A) =
n∑

i=1

λi, tr(A∗A) =
n∑

i=1

|λi|2,

where λi are the eigenvalues (not necessarily distinct) of A.

Proof. Let A be a n×n real symmetric (therefore self-adjoint) or complex normal matrix. Then A is unitarily
similar to a diagonal matrix

D =


λ1 0 . . . 0
0 λ2 . . . 0

0 . . .
. . . 0

0 0 . . . λn


where λ1, . . . , λn are the eigenvalues of A; that is, there is a unitary matrix Q such that A = Q−1DQ. Then,
using Einstein notation:

tr(A) = Aii = (Q−1DQ)ii = Q−1
ij (DQ)ji = Q−1

ij DjrQri

= QriQ
−1
ij Djr = (QQ−1)rjDjr = δrjDjr = Drr = tr(D) =

∑
i

λi.

Since Ax = λx ⇔ A∗x = λx ⇒ A∗Ax = λλx = |λ|2x, A∗A shares the eigenvectors of A, so A∗A =
Q−1D′Q where D′ = diag(|λ1|2, . . . , |λn|2), so as above

tr(A∗A) = tr(D′) =
∑

i

|λi|2.
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Exercise 6. Let U be a unitary operator on an inner product space V , and let W be a finite-dimensional
U -invariant subspace of V . Prove

(a) U(W ) = W .
(b) W⊥ is U -invariant.

Proof. (a) Since for all x ∈ W

‖x‖ = ‖Ux‖ = ‖UW x‖,

UW is unitary. Therefore there is an orthonormal basis β of W such that U(β) is an orthonormal basis
for W . Let y ∈ W , y =

∑
αiU(βi), then y = U(

∑
αiβi) where

∑
αiβi ∈ W , so y ∈ U(W ); that is,

W ⊂ U(W ). But W is U -invariant, so U(W ) ⊂ W . Therefore W = U(W ).
(b) Let z ∈ W⊥, x ∈ W . Since W = U(W ), U∗x = U−1x ∈ W , so

〈Uz, x〉 = 〈z, U∗x〉 = 0,

and Uz ∈ W⊥. Therefore W⊥ is U -invariant.
�

Exercise 7. Prove that a matrix that is both unitary and upper triangular must be a diagonal matrix.

Proof. Let A and B be upper triangular matrices, then

(AB)ij =
n∑

r=1

AirBrj =
n∑

r=i

AirBrj .

Assume i > j, then in this sum r > j always, so Brj = 0 always, and (AB)ij = 0. Therefore the set of upper
triangular matrices is a subspace of Cn×n closed under multiplication.

Let U be an upper triangular unitary matrix, then by exercise 4 in pset 3, U∗ = U−1 = p(U) for some
polynomial p, so U∗ is upper triangular. Yet U is upper triangular, so U∗ is lower triangular. Therefore U∗

and consequently also U are diagonal. �

Exercise 8. Let T be a self-adjoint operator on a finite-dimensional inner product space V . Prove that for
all x ∈ V

‖T (x)± ix‖2 = ‖T (x)‖2 + ‖x‖2.

Deduce that (T − iI) is invertible and that ((T − iI)−1)∗ = (T + iI)−1.

Proof. Let x ∈ V , then

‖Tx± ix‖2 = 〈Tx± ix, Tx± ix〉 = 〈Tx, Tx〉 ± 〈ix, Tx〉 ± 〈Tx, ix〉+ 〈ix, ix〉

= ‖Tx‖2 + ii‖x‖2 ± i〈x, Tx〉 ∓ i〈Tx, x〉

= ‖Tx‖2 + ‖x‖2 ± i〈x, Tx〉 ∓ 〈x, Tx〉

= ‖Tx‖2 + ‖x‖2.

In particular,
x ∈ N (T − iI) ⇔ ‖Tx− ix‖ = 0 ⇔ ‖Tx‖2 + ‖x‖2 = 0 ⇔ x = 0,

so T − iI is invertible.
Furthermore, since T is self-adjoint, (T − iI)∗ = T + iI. By exercise 7 in problem set 5,

(T + iI)−1 = ((T − iI)−1)∗.
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Exercise 9. Let T be a self-adjoint operator on a finite-dimensional inner product space V . Prove that
(T + iI)(T − iI)−1 is unitary.

Proof. First note
(T − iI)(T + iI) = T 2 + I = (T + iI)(T − iI),

so T + iI and T − iI commute.
Then (

(T + iI)(T − iI)−1
)∗

=
(
(T − iI)−1

)∗
(T + iI)∗ = (T + iI)−1(T − iI),

so (
(T + iI)(T − iI)−1

) (
(T + iI)(T − iI)−1

)∗
= (T + iI)(T − iI)−1(T + iI)−1(T − iI)

= (T + iI) ((T + iI)(T − iI))−1 (T − iI)

= (T + iI) ((T − iI)(T + iI))−1 (T − iI)

= (T + iI)(T + iI)−1(T − iI)−1(T − iI)

= I,

showing (T + iI)(T − iI)−1 is unitary. �

Exercise 10. Let V be a finite-dimensional complex inner product space and let u be a unit vector in V .
Define the Householder operator Hu : V → V by

Hu(x) = x− 2〈x, u〉u.

Prove that

(1) H∗
u = Hu.

(2) H2
u = I.

Hence Hu is unitary.

Proof. (a) Let x, y ∈ V , then

〈Hux, y〉 = 〈x− 2〈x, u〉u, y〉 = 〈x, y〉 − 2〈x, u〉〈u, y〉 = 〈x, y〉 − 〈x, 2〈y, u〉u〉

= 〈x, y − 2〈y, u〉u〉 = 〈x,Huy〉,

so Hu is self-adjoint.
(b) Let x ∈ V , then

H2
ux = Hux− 2〈Hux, u〉u = Hux− 2〈x,Huu〉u = x− 2〈x, u〉u− 2〈x, u− 2u‖u‖2〉u

= x− 2〈x, u〉u− 2〈x, u〉u + 4〈x, u〉u = x− 4〈x, u〉u + 4〈x, u〉u

= x,

so H2
u = I.

Since H2
u = HuH∗

u = I, Hu is unitary. �
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Exercise 11. Find the spectral decomposition of the following matrix2 1 1
1 2 1
1 1 2

 .

Answer. Since the characteristic polynomial of A is

f(t) = det(A− tI) = 4− 9t + 6t2 − t3,

λ1 = 4 and λ2 = 1 are the unique eigenvalues of A. Let g1 be the linear polynomial such that g1(λj) = δ1j ,
then

g1(x) =
x− 1
4− 1

=
x− 1

3
⇒ A1 = g1(A) =

A

3
− 1

3
I =

1
3

1 1 1
1 1 1
1 1 1

 ,

and

A2 = I −A1 =


2
3 − 1

3 − 1
3

− 1
3

2
3 − 1

3

− 1
3 − 1

3
2
3

 ,

so the spectral decomposition of A is

A =
4
3

1 1 1
1 1 1
1 1 1

+
1
3

 2 −1 −1
−1 2 −1
−1 −1 2

 .


