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Exercise 1. Let {Ek} be a sequence of sets with
∑
|Ek|e < ∞. Show that lim sup Ek and lim inf Ek have

measure zero.

Proof. Since
lim inf Ek = ∪∞j=1

(
∩∞k=jEk

)
and lim supEk = ∩∞j=1

(
∪∞k=jEk

)
,

if x ∈ lim inf Ek, then there is a K such that x ∈ ∩∞k=KEk, so that k > K implies x ∈ Ek. Therefore
x ∈ ∪k=jEk for all j, so x ∈ lim supEk; that is, lim inf Ek ⊂ lim supEk.

Let ε > 0. Note
∑
|Ek|e < ∞ implies

∑
k>K |Ek|e → 0 as K →∞, so there is a K such that

∑
k≥K |Ek|e <

ε. Also,
x ∈ lim supEk ⇒ x ∈ ∪∞k=KEk ⇒ lim supEk ⊂ ∪k≥KEk,

so
| lim supEk|e ≤ | ∪k≥K Ek|e ≤

∑
k≥K

|Ek|e < ε.

Since ε is arbitrary, | lim supEk|e = | lim supEk| = 0, and since lim inf Ek ⊂ lim supEk, | lim inf Ek| = 0 also.
�

Exercise 2. If E1 and E2 are measurable, show that |E1 ∪ E2|+ |E1 ∩ E2| = |E1|+ |E2|.

Proof. Since E2 − E1, E1 − E2, and E1 ∩ E2 are disjoint with union E1 ∪ E2,

|E1 ∪ E2| = |E1 ∩ E2|+ |E2 − E1|+ |E1 − E2|.

Also, E1 ∩E2 and E1−E2 are disjoint with union E1, and E1 ∩E2 and E2−E1 are disjoint with union E2,
so

|E1 ∪ E2|+ |E1 ∩ E2| = (|E1 ∩ E2|+ |E2 − E1|) + (|E1 ∩ E2|+ |E1 − E2|) = |E1|+ |E2|.

�

Exercise 3. Suppose that |E|e < ∞. Prove that E is measurable if and only if for any ε > 0, we have
E = (S ∪N1)−N2, where S is a finite union of non-overlapping intervals, |N1|e < ε and |N2|e < ε.

Proof. Assume E is measurable. Then there is an open G ⊃ E such that |G− E| < ε. Let N2 = G− E.
There is a countable collection of disjoint intervals Ik such that G = ∪kIk. Let Sk = ∪k

j=1Ij , then
since Sk ↗ G,

∑k
i=1 |Ii| = |Sk| → |G|, so

∑
i>k |Ii| → 0 as i → ∞. Therefore, there is a K such that

|G− SK | = | ∪k>K Ik| =
∑

k>K |Ik| < ε. Let S = SK and N1 = ∪k>KIk.
Then S is a finite union of non-overlapping intervals, |N1|e < ε, |N2|e < ε, and

E = G− (G− E) = (S ∪N1)−N2.

Assume for every ε > 0 there are S, a finite union of non-overlapping intervals, |N1|e < ε, and |N2|e < ε

such that
E = (S ∪N1)−N2.

Given ε > 0, choose S, N1 and N2 such that |N1|e, |N2|e < ε. Since S is measurable, there is a G1 such that
G1 ⊃ S and |G1 − S| < ε. There is also a G2 such that G2 ⊃ N1 and |G2| ≤ |N1|e + ε < 2ε.
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Let G = G1 ∪G2, then G is open, G ⊃ E, and

G− E = G1 ∪G2 − (S ∪N1 −N2) = ((G1 ∪G2) ∩N2) ∪ (G1 ∪G2 − (S ∪N1))

⊂ N2 ∪ (G1 ∪G2 − S) ⊂ N2 ∪G2 ∪ (G1 − S)

so
|G− E|e ≤ |G1 − S|+ |G2|+ |N2|e ≤ ε + 2ε + ε = 4ε.

This shows given any ε > 0, there is an open set G such that G ⊃ E and |G− E|e < ε, so E is measurable.
�

Exercise 4. Let {Ek} be a sequence of disjoint measurable sets and let A be any set. Show that

|A ∩ (∪∞k=1Ek)|e =
∞∑

k=1

|A ∩ Ek|e.

Proof. Clearly

|A ∩ (∪∞k=1Ek)|e ≤
∞∑

k=1

|A ∩ Ek|e.

Assume A is such that this inequality is strict, then there is a Gδ set H such that H ⊃ A ∩ (∪∞k=1Ek) and
|H|e = |A ∩ (∪∞k=1Ek)|e; since H is Gδ, it is measurable, and the disjoint union of the sets H ∩ Ek, so

|H| =
∞∑

k=1

|H ∩ Ek|.

However, since A ∩ Ek ⊂ H ∩ Ek,

|H| = |A ∩ (∪∞k=1Ek)|e <

∞∑
k=1

|A ∩ Ek|e ≤
∞∑

k=1

|H ∩ Ek|.

This contradiction shows that the desired equality holds for all A. �

Exercise 5. If Ek ↘ E and |E1| < ∞, then |E| = lim |Ek|. Show, by example, that the condition |E1| < ∞
is necessary.

Proof. Let Ek = [k,∞), then Ek ⊃ Ek+1, and Ek ↘ E = ∩∞k=1Ek = ∅. Then |E| = 0, but for all k,

|Ek| = | ∪∞j=k [j, j + 1)| =
∞∑

j=k

1 = ∞.

This example shows that there must be some j such that |Ej | < ∞ for the theorem to hold. �

Exercise 6. Let E be measurable. Show that f : E → R is measurable if and only if {a < f < ∞} is
measurable for any finite a.

Proof. Assume f is measurable, then for all integers k, {f ≥ k} is measurable, so the complement {f < k}
is measurable, as is the countable union

∪∞k=1{f < k} = {f < ∞}.

Also, for every finite a, the set {f ≤ a} is measurable, so the complement {f > a} is also measurable, as is
the intersection

{f < ∞} ∩ {f > a} = {a < f < ∞}.
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Assume {a < f < ∞} is measurable for any finite a. Assume that, as in the book, the set {f = −∞}
is always measurable (otherwise, this theorem is not true since sets of the form {a < f < ∞} alone do not
generate the Borel σ-field on R). Then let a ∈ R. Since by assumption {a− 1

n < f < ∞} is measurable for
all integers n,

{a ≤ f < ∞} = ∩∞n=1{a−
1
n

< f < ∞}

is also measurable, so its complement {−∞ ≤ f < a} ∪ {f = ∞} is also measurable. Then letting a vary
over the negative integers shows the set

∩−∞a=−1 ({−∞ ≤ f < a} ∪ {f = ∞}) = {f = ±∞}

is measurable, so the set {f = ∞} = {f = ±∞}∩ {f = −∞}c is measurable. Finally, for all finite a, the set

{f > a} = {a < f < ∞} ∪ {f = ∞}

is measurable, so by definition f is measurable.
�


