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ACM 105: HW 7

Exercise 1. Let {Ej} be a sequence of sets with Y |Ej|. < co. Show that limsup Fj, and liminf Ej, have

measure zero.

Proof. Since
liminf Ej = U2, (ﬁzoszk) and limsup Ey = N72, (Uzoszk) ,
if x € liminf Fy, then there is a K such that z € NF2  Fy, so that £ > K implies © € Ej. Therefore
x € Up—; B}, for all j, so x € limsup Ey; that is, liminf £, C limsup F.
Let e > 0. Note ) |Ey|. < oo implies ), i [Exle — 0as K — oo, so there is a K such that ) 7, -, |Eyle <
€. Also, -
x € limsup B, = ¢ € U2 B, = limsup B, C Up>k Ek,

S0
[limsup Ele < | Uksk Ekle < Z |Ekle <e

k>K
Since € is arbitrary, | limsup Fj|. = |limsup Fx| = 0, and since lim inf Fj, C limsup Ey, |liminf Ej| = 0 also.
(]

Exercise 2. If E; and Ey are measurable, show that |Ey U Es| + |Ey N Es| = |Eq| + | E2|.

Proof. Since E5 — Ey, E1 — Es, and Fq N E5 are disjoint with union E; U Es,
‘El UE2| = |E1 ﬁE2| + |E2 — E1| + |E1 — E2|.

Also, E1 N Es and E; — Es are disjoint with union Fq, and Fy N Ey and Fy — E; are disjoint with union Fjs,
o)

|Ey U Eo| + [Er N Ea| = (|[Ey N E| + |Ey — E1]) + (|1 N Eo| + [Ey — Ea|) = |Ey| + | B2
O

Exercise 3. Suppose that |E|. < oco. Prove that E is measurable if and only if for any ¢ > 0, we have

E = (SUN;) — N3, where S is a finite union of non-overlapping intervals, |[Ni|. < € and | Nz, < €.

Proof. Assume E is measurable. Then there is an open G D E such that |G — E| <e. Let No =G — E.

There is a countable collection of disjoint intervals I such that G = Uglx. Let Sx = U;?:llj, then
since S, /" G, Zle |I;] = |Sk| — |G|, so > ;o |1i] — 0 as i — oo. Therefore, there is a K such that
|G — Sk| = | Ursk Ikl = 2o i Hk| <€ Let S = Sk and Ny = Up> kI

Then S is a finite union of non-overlapping intervals, |N1|. < €, [Na|. < €, and
E=G-(G-E)=(SUN)) — No.

Assume for every € > 0 there are S, a finite union of non-overlapping intervals, |N1|, < €, and |[Na|, < €
such that
E=(SUN,) - Ny.

Given € > 0, choose S, N7 and N» such that |Nile, |Na|e < €. Since S is measurable, there is a G such that

G1 D S and |Gy — S| < €. There is also a G5 such that Go D Ny and |Ga| < |Nile + € < 2e.
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Let G = G; U Go, then G is open, G D E, and

G E=GiUGs—(SUN;, — Na) = ((G1 UGa) N Ny) U (Gy UGa — (SUNL))
CNQU(GlLJGQ*S)CNQUGQU(GH*S)

S0
|G — El. <|G1 — S|+ |G2| + | Nale < e+ 2e+ € =4e.

This shows given any € > 0, there is an open set G such that G D F and |G — E|. < ¢, so E is measurable.
|

Exercise 4. Let {E}} be a sequence of disjoint measurable sets and let A be any set. Show that

AN (U Bl = S AN Byl
k=1

Proof. Clearly
o0
AN (Bl < 314N Byl
k=1
Assume A is such that this inequality is strict, then there is a G5 set H such that H D AN (U2, E) and
|H|e = |AN (U, Ex)le; since H is Gs, it is measurable, and the disjoint union of the sets H N Ey, so

oo

H| = |H B,
k=1

However, since AN E, C HN Ey,

|H| = AN (U2 Bi)le < D JANEg|e <> [H N Ey.
k=1 k=1

This contradiction shows that the desired equality holds for all A. O

Exercise 5. If £, \, F and |E1| < oo, then |E| = lim |Ey|. Show, by example, that the condition |E;| < oo

is necessary.
Proof. Let Ej, = [k,00), then E D Eyyq, and B, \, E = N2 Ep = 0. Then |E| = 0, but for all k,
Byl = U5 [, + 1) =) 1 =occ.
j=k
This example shows that there must be some j such that |E;| < oo for the theorem to hold. O

Exercise 6. Let E be measurable. Show that f : F — R is measurable if and only if {a < f < oo} is

measurable for any finite a.

Proof. Assume f is measurable, then for all integers k, {f > k} is measurable, so the complement {f < k}

is measurable, as is the countable union
Upzi{f <k} ={f < oo}

Also, for every finite a, the set {f < a} is measurable, so the complement {f > a} is also measurable, as is

the intersection

(f<oodn{f>a}={a<f<oo}



3

Assume {a < f < oo} is measurable for any finite a. Assume that, as in the book, the set {f = —oco}
is always measurable (otherwise, this theorem is not true since sets of the form {a < f < oo} alone do not
generate the Borel o-field on R). Then let a € R. Since by assumption {a — % < f < oo} is measurable for

all integers n,
1
lasf<oof=mi{a—— <f<oo}
is also measurable, so its complement {—oco < f < a} U {f = oo} is also measurable. Then letting a vary

over the negative integers shows the set
Na=2y ({—o0 < f <a} U{f = oo}) = {f = £o0}
is measurable, so the set {f = oo} = {f = £oo} N{f = —o0}¢ is measurable. Finally, for all finite a, the set

{f>a} ={a<f<oc}U{f=o0}

is measurable, so by definition f is measurable.



