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THEOREMS FROM THE BOOK

Theorem 1 (3.25). (a) If |an| < cny for n > No, where No is some fized integer, and if }_cn converges,
then Y an converges.

(b) If an > dn >0 forn > No, and if }_ dn diverges, then Y _an diverges.
Theorem 2 (3.28). > 1117 converges if p > 1 and diverges if p < 1.

Theorem 3 (7.10). Suppose {fn} is a sequence of functions defined on E, and suppose
fax) <M, (xeE,n=12..).

Then Y fy converges uniformly on E if > M, converges.

PROBLEMS

Page 165, Problem 1. Prove that every uniformly convergent sequence of bounded functions is uniformly
bounded.

Proof. Let {fn} be a sequence of functions on E which uniformly converge to f, with f,, bounded by M,,.
Let € = %, then there is an N € Z™' such that n > N = |f,.(x) — f(x)| < € for all x € E. Therefore,
If(x)] < e+ [fn(x)] < €+ Mn = My for all x € E. Furthermore, [f(x) — f(x)] < € = [fo(x)] < € +|f(x)] <
e+ My =14+ My, for all x € E and all n > N. Since |[f(x) — f(x)| < Mn + My, sup,cg [fn(x) — f(x)] € R.
Let d = max{sup,cg If1(x) = f(x),...,sup,cg [fn—1(x) — f(x)[}. For n < N and all x € E,

[fn () < Mfn(x) — F(x) + [f(x)] < ilélélfn(X) —f(x)[+Mp < d + Mp.

Then for all n, |f,,(x)] < max{1 + My, d + Myp}. Therefore {f,,} is uniformly bounded.
O

Page 165, Problem 2. If {f,,} and {g,} converge uniformly on a set E, prove that {f;, + gn} converges
uniformly on E. If, in addition, {f,,} and {gn } are sequences of bounded functions, prove that {f,, g, } converges

uniformly on E.

Proof. Let {f,,} converge uniformly to f and {g} converge uniformly to g, with f,, and g, defined on the set
E. Then for all € > 0, there are N¢, N4 € Z* such that

€
2
for all x € E. Let Ny = max{N¢, Ng}, then for all n > N and all x € E,

€
and n > Ng = [gn(x) —g(x)| < 5

n =N = [fa(x) — f(x)] < >

[(fn(x) + gn(x)) = (f(x) + g(x)) < [fn(x) = f(x)[ +Ign(x) — g(x)| <€,

therefore {f,, + gn} converges uniformly to {f + g}.
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Furthermore, if f,, is bounded by F, and gy is bounded by Gy, there are N¢,Ng € Z* such that

1 1
n > Np = [ () = )] < 5 = [F(x)] < [, (0 + 5 = M

1 1
n 2 Ng = lgn(x) — 900l < 5 = lg(x)| < lgn, () + 5 = My,

for all x € E. Also,
[T (X)gn (x) = f(x)g(x)[ = [(gn(x) — g(x)) (fn(x) = f(x)) + g(x) (fn(x) = f(x)) + f(x) (gn(x) —g(x))],
S0
Ifn(x)gn (x) = F(x)g(x)[ < [(gn(x) = g(x)) (fn(x) = F(x))+ g (x) (fr(x) = F(x))] + [f(x]) (gn(x) — g(x)]].

Given € > 0, choose €p > 0 such that e% + (Mg 4+ M¢)ep < €. By the uniform convergence of {fn,} and {gn},
there is an N such that

n >N = [fn(x) = f(x)] < €0 and |gn(x) — g(x)| < €o
for all x € E. Therefore for n > N,
[fn(X)gn(x) = f(x)g(x)| < € + (Mg + My)eo < €,

80 {fngn} converges uniformly to {fg}. a

Page 166, Problem 6. Prove that the series

Z(*Unxz—i_n

n2

n=1

converges uniformly in every bounded interval, but does not converge absolutely for any value of x.

Proof. Let
o1 X+ 2n—1
(2n—1)2

o B 2nx2+2n
fr = (1) ST

and
L E 2 & & —(4n—1pE 4 2m2n-1))
S0 =3 (5 =Y f= Y 22—

n=1 =1 n=1

be defined on an interval E contained in the interval [a, b], and let ¢ = max{|al,|b|}. Then there is a N € Z™T,
N > 1, such that n > N = x? < c? <n,so forall x € E and n > N,
(dn—1)x*>+2n(2n—1) - (n—1)n+2n(2n—1)

4nZ2(2n—1)2 4n?(2n —1)2

8n? —3n 8n? 1

_ — —M,..
Ton? —T6n3 +4n2 ~16n? —T6n®  2nm—1)

For n < N, let My, = (4n—1)c2 +2n(2n—1), so [fn(x)| < My, for all x e E and n € Z7.

‘fn(x)l =

There is a Ng € ZT such that for n > No, n? —=3n+1 > 0, so for n > No,

1 1 1
2 12 _ —
n-n+l>n=MmM-1 >n=yn<n 1:>2n(n71)<2n‘~5:>M“<2n‘~5'
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Let ¢, = zgﬁ, so by Theorem 2, Y c, converges, and by Theorem 1, >_ M, converges. Therefore by

Theorem 3, S(x) = >_ f, uniformly converges on the interval E.

Let

2 2
nX +n‘_x 1

n2

)

n — -1 = 5
9 ’( ) R

and ¢, = %, so that gn, > ¢y for all x € R. By Theorem 2, Y ¢y, diverges, and by Theorem 1, }_ g, diverges

also. Therefore, the series
(X tn

2
n
n=1

does not converge absolutely.



