ANALYSIS HW 9

ALEX GITTENS

PROBLEMS

Exercise 9, pg. 290. Define (z,y) = T(r,0) on the rectangle
0<r<a, 0<6<27m
by the equations
x=rcosf, y=rsind.

Show that 7" maps this rectangle onto the closed disc D with center at (0,0) and radius a, that T is one-to-
one in the interior of the rectangle, and that Jp(r,8) = r. If f € C(D), prove the formula for integration in

polar coordinates:

/Df(x,y) d:cdyz/oa /0% f(T(r,0))r drdb.

Hint: Let Dy be the interior of D, minus the interval from (0, 0) to (0,a). As it stands, Theorem 10.9 applies

to continuous functions f whose support lies in Dy. To remove this restriction, proceed as in Example 10.4.

Proof. Let 0 <r <aand 0 <@ < 2, then T(r,0) = (z,y) = (rcosd,rsinf) satisfies 2% + y> = 72 < a?, so
T maps into D. Assume (z,y) # (0,0) € D, then r = y/22 + y? and

arctan x>0

¥

) ®)
7+ arctan(Z) 2 <0

satisfy = rcos@ and y = rsin8; also, (z,y) = (0,0) = T(0,0), so T is surjective on D. Therefore T" maps

onto D.

Assume T'(r1,601) = (z,y) = T(re,02) where (r1,61), (r2,02) are in the interior of the rectangle, so 0 <
91,92 < 2mw. Then

ro = \/73 cos2 0y + 13 sin® Oy = /22 + y2 = \/r% cos? 0y +risin®0; =ry,

SO
T =11c0801 = r9cosfy = cosfhy = cosby
y =rysinfy = rosinfy = sinf; = sin fy;

since 0 < 61,60> < 2w, these equalities imply ;1 = 65. Therefore T is 1-1 on the interior of the rectangle.

T(r,0) = (cos@ —rsin&)

sinf rcosf

Since

Jr(r,0) = rcos® 0+ rsin®0 = r.
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Let Dy = T'((0,a) x (0,27)), i.e., the interior of D minus the interval from (0, 0) to (0,a). Notice that Jr # 0

in Dy, since r # 0 in Dy.

Let R, = (0,a (1 — 1)) x (0,27) and D,, = T(R,,) for n = 2,3,4, .. .; notice D,, C Dy. Construct a function
1, such that 1, is continuous on R2, ¢, = 1 on D,,, 9, = 0 on R?> — D,,, and 0 < v, < 1 on R?. Let
fn = ¥nf so that f, € C(D). Since f, has support in D,, C Dy, by the Change of Variables Theorem,

a 27
[ e dedy= [ [ su@.0)r aras
D o Jo
Since f € C(D), there is an M > 0 such that |f| < M on D; therefore, for n =2,3,4,.. .,

[ e deay- [ g dmdy‘z [a=vs) dmdy]

< M(A(D) ~ A(Dn)) = M (mz - (a <1 - 711))2)

_ Md*r(2n —1)

2 Y

n
where A(D) and A(D,,) denote the area of the regions D and D,,, respectively.

/Oa /:Tr f(T(r,0))r drdo— /Oa /027T fu(T(r,0))rdr d&‘ <M <27ra —27 (a (1 - i)))

_ M2ma

)

Also,

n

so by the triangle inequality,

‘/D f(z,y) da:dy—/oa/ozﬂf(T(r,G))r drde'

for n =2,3,4,.... Clearly, for all € > 0, there exist an N such that n > N implies

a 2
dx dy — 0 dr do
]/Dfu,y) vay- [ [ sy ]<e,

M2ra  Ma?m(2n —1)
< + 5
n n

3

therefore

/Df(:z:,y) d:z:dy_/oa/o%f(T(r,H))r drdo.

Exercise 15, pg. 291. If w and A are k- and m-forms, respectively, prove that

WAX=(=DF"AAw.

Proof. Let w = >, b;(x) dey and X = 3 c;(x) dxs be k- and m-forms, respectively, in their standard
presentation, where I = {i1,...,ix},J = {j1,...,Jx} are increasing k- and m-indices, respectively. Either
INJ #(, in which case de; Adey = 0= (—1)*"dx; A dx; trivially, or I NJ = 0.

In the latter case, let 1 < p < m and consider the statement

drj, Ndxj, N--- Ndxj, Ndrg, Ndzg, N Ndxg, Ndg, N Ndxg, = (=1)kPdz; A dxy.
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This is true for p = 1, because it takes k interchanges to move the term dz;, to the left of all the terms in

the basic k-form dxj, and each interchange introduces a factor of —1. Assume it is true for p, so
dzj, Adxj, A Adaj, Adeg, Adag, A Adag, Adxg,, A Adag, = (—1)dp A da s

it takes k more interchanges to move the term dz; , to the immediate right of the term dz; (i.e., to the

left of all the terms in the basic k-form dzxy), so
drj, Ndzj, A~ Adzj, Ndaj , Adeg, Adzg, A ANdag, ANda, o, A Adag,, = (=1 daep Aday,
so it is also true for p + 1. By induction, this statement is true for p = m, so

dry Ndxy = (_1)kmde ANdxy.

Therefore,

WAA= ZbI(X)CJ(X) dxy ANdzy
1,J

= Zb[(X)C](X)(—l)kmdxj Adxr



