ANALYSIS HW 5

ALEX GITTENS

PROBLEMS

Exercise 13, p. 198. Put f(z) = 2 if 0 < z < 27, and apply Parseval’s theorem to conclude that
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Proof. Let f(x) =z for € [0,27) and f(z + 27) = f(x) for € R. Then f(z) ~ Z:cnei"””7 where
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Clearly f is 2m-periodic and Riemann integrable, so by Parseval’s theorem,
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Exercise 16, p. 199. Prove a pointwise version of Fejér’s theorem: If f € R and f(x+), f(z—) exist for

some x, then

Jm_on(f) = 3 [F@4) + fe-)].

Proof. Given x and € > 0, let h(z) = 1 (f(z+) + f(z—)); consider
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where the first equality holds because 5= [* K, (t)dt = 1, and the others hold because K,(t) is an even

function.

Since f(x —t) — f(xz—) and f(z +t) — f(z+) as t — 0+, there is a 6 > 0 such that t € (0,0) =
|f(x+1t)+ f(x —t) = f(z+) — f(z—)|] < §. Therefore
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where the fact that Ky (¢) > 0 allows it to be kept outside the absolute value sign and allows the extension

of the limits in the first integral in the second inequality.

Since f € R, f is bounded, so there exists an M > 0 such that |f(x +1t) + f(x —t) — 2h(z)| < M for all
t € (0, 7]. Furthermore, it is a property of K, (t) that if 0 < § <t <,
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Clearly, there is an N such that n > N implies the last term is less than §. Therefore |0, (f;2) — h(z)| — 0

as n — o0, Oor

[f(z+) + fz=)].

. 1
]\}EnmUN(fvx) - 5



