ANALYSIS HW 8

ALEX GITTENS

PROBLEMS

Exercise 16, pg. 240. Show that the continuity of f’ at the point a is needed in the inverse function

theorem, even in the case n = 1: If
1
f(t) =t +2t*sin (t)
fort # 0, and f(0) = 0, then f/(0) =1, f is bounded on (—1, 1), but f is not one-to-one in any neighborhood
of 0.

Proof. By definition,
t t 4 2% sin (L 1
£(0) = tim 22— pipy P25 () L i psin () .
t—0 t t—0 t t—0 t

Let {t,}nen be a sequence such that ¢, — 0 and ¢, # 0 for all n, then given € > 0, there is an N such that

|tn| < € for n > N, therefore
(1 (1
0—tpsin| — || = |tu||sin | — )| < [tn] <€
tn tn

1
lim ¢ sin () =0,
t—0 t

Whent # 0, |f/(t)| = |1+ 4tsin (+) — 2cos (1)] < 1+4[¢| |sin (1)]+2 |cos (1)], and |sin ()] < 1, |cos (1)| <
1, so when ¢ € (—1,1)\{0},

for n > N. Therefore

and f'(0) = 1.

/() <1+442=T7,
therefore f/(t) is bounded on (—1,1).

Given 6 > 0, take n € N such that t; = ﬁ and ty = ﬁ satisfy 0 < t1 <ty < 6, then
2

f(t)=1+4t; >0
flt)=1-2=-1<0,

therefore, since f’ is continuous, there is a ¢’ € (t1,t2) such that f’'(¢) = 0. That is, f has a local maximum or
minimum at ¢’. Without loss of generality, take f(¢') to be a local maximum. Then there exist t;, ¢, satisfying
the relations t; < t; < t' < t, <ty such that f(¢') > f(t;) and f(¢') > f(t,). Let v = max f(t;), f(¢.), then
by the intermediate value theorem, there is an a satisfying ¢; < a < t’ and a b satisfying ¢’ < b < t,. such

that f(a) = f(b) = v.
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That is, in any § neighborhood of 0, there exist two numbers a and b satisfying a # b and f(a) = f(b), so f
is not one-to-one in any d neighborhood of 0. ]
Exercise 19, pg. 240. Show that the system of equations
3r+y—z+u=0
r—y+2z24+u=0
20 +2y—324+2u=0

can be solved for x,y,u in terms of z; for z, z, w in terms of y; for y, z, w in terms of x; but not for z,y, z in
terms of w.
Proof. Let £ : R* — R3 be defined as

f(z1, 20, 23,24) = (321 + 29 — 23 + xi,xl — g + 2x3 + 4,221 + 229 — 323 + 234),

and (z,y, z,u) € R* be such that

f(z,y,2z,u) =0.
Then
3 1 -1 2u
(21,20, 23,04) = |1 -1 2 1
2 2 =3 2
Taking
3 1 2u
A, =1 -1 1],
2 2 2

and noticing det(A4,) = 8u — 12 so that A, is invertible when u # 2, it is clear from the Implicit Function

Theorem that there is a function g : R — R3 that determines (x,%,u) as a function of z in a neighborhood

of the point (x,y, z,u) when u # % Ifu= %, then the only solution of the system of equations is (z =

=21 — =3
20 °Y = 20>

solvable (locally) in terms of z.

z = %), therefore if (x,y,z,u) is a solution of the system of equations, (z,y,u) are always

Taking
3 -1 2u
A =1 2 1/,
2 -3 2

and noticing det A, = 21 — 14u so that A, is invertible when u # %, it is clear from the Implicit Function
Theorem that there is a function g : R — R? that determines (z, z,u) as a function of y in a neighborhood
of the point (x,y, z,u) when u # % If u= %, then the only solution of the system of equations is (z =
—21 -3 3

oY = 10,2 = ), therefore if (z,y,2,u) is a solution of the system of equations, (z,z,u) are always

solvable (locally) in terms of y.

Taking
1 -1 2u

2 -3 2
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Theorem that there is a function g : R — R? that determines (y, z,u) as a function of o in a neighborhood

and noticing det A, = 3 — 2u so that A, is invertible when u # 3, it is clear from the Implicit Function

of the point (z,y,z,u) when u # 2. If u = 2, then the only solution of the system of equations is (z =

—21 , _ -3
20 'Y = a0

solvable (locally) in terms of z.

z = %), therefore if (x,y,z,u) is a solution of the system of equations, (y,z,u) are always

Taking
3 1 -1
2 2 =3,

and noticing det A, = 0 so that A, is not invertible, it is clear the Implicit Function Theorem does not
apply. It is possible that there is no function g : R — R3 that determines (z,y, z) as a function of u in the

neighborhood of a solution to the system of equations. ]

Exercise 23, pg. 241. Define f in R? by

F@,y1,90) = 2y + € + ya.
Show that f(0,1,—1) =0, (D1f)(0,1,—1) # 0, and that there exists therefore a differentiable function ¢ in
some neighborhood of (1, —1) in R?, such that g(1,—1) = 0 and
f(9(y1,92), y1,92) = 0.
Find (D1g)(1,-1) and (D2g)(1,—1).

Proof. Clearly
f(Ovlafl):OQX1+€0+*1:171:0’
and
(D1 f)(x1, 22, 23) = 221 + €71,

SO
(D1£)(0,1,-1) =2 x 0+’ =1#0.

Clearly the partial derivatives of f are continuous, therefore f € C’(—1,1). Let E = (—1,1) and A4, =
f/(0,—1,—1), then A, is invertible with A, ! = 1, so by the Implicit Function Therorem, there are open sets
U CR3and W C R? with (0,1,—1) € U and (1,—1) € W and a C’ map g : W — R3 such that g(1,—1) =0
and f(g(y),y) = f(9(y1,42),y1,92) =0 for y = (y1,92) € W.

Letting A, = [Daf, D3 f] = [2%, 1], by the Implicit Function Theorem,
g (x2, 23] = —A;' Ay = [~ Do f (w1, 32, 23), = D3 f (21, 22, x3] = [—a7, —1],

SO
(D1g)(1,-1) = —0% = 0 and (Dag) = —1.



