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THEOREMS FROM THE BOOK

Theorem 1. f € R(a) on [a,b] if and only if for every e > 0 there exists a partition P such that

U(P,f,Oé)*L(P,f,OL) < €.

PROBLEMS

Page 138, Problem 1. Suppose « increases on [a,b], a < x, < b, a is continuous at z,, f(z,) = 1, and
f(xz) =0if & # x,. Prove that f € R(«) and that f; fda = 0.

Proof. Since « is continuous at x,, for any € > 0, there exists a § > 0 such that d(x,,z) < § = |a(z)—a(z,)| <
€/2; by the triangle inequality, there exist points z; < z, such that z; < z, < z, and a(x,) — a(z;) < e
Choose a partition P = {a =29 < 21 < ... < 2] = Tj—1 < Tp < T = x; < ... < x,, = b} of [a,b]. Let
M; =sup,,_, o, (@) and m; =infy,, , .1 f(z) for j € {1,2,...,n}. Then

n

U(P,f,Oé) _L(P’f’a) = Z(M] _mj)Aa]'a

j=1
where Aa; = a(z;) — a(xj_1). Clearly for j # i, M; = m; =0, while M; =1 and m; = 0, so
U(P, f,a) — L(P, f,a) = Aa; = a(z,) — a(z;) < e
By Theorem 1, f € R(«) on [a, b].
Since f € R(a) on [a, b],
/b fda = /bfda =sup L(P, f,a).

Let P’ be a partition of [a,b]. Then
L(P', f,a) =Y m;Aa; =0,
j=1

because all m; = 0; therefore sup L(P, f,«) = 0, or

b

O

Page 138, Problem 2. Suppose f > 0, f is continuous on [a, ], and f; f(x)dx = 0. Prove that f(z) =0
for all z € [a,b]. (Compare this with Exercise 1.)

Proof. Assume f is continuous on [a, b] and f(z,) # 0 for some z, € [a,b]. Then since f is continuous on [a, b],
there exists a ¢ > 0 such that d(z,,z) < 6 = |a(z) —a(z,)| < @; that is, d(z,,z) < 6 = a(x) > f(z,)/2.
Let P={a =20 <21 < ... <Ti_1 < Tp < <...<xp_1 <z, = b} be a partition of [a,b] such

that max{|z — z;[, [z — z;—1|} < &. Let M; =supy,,_, .1 f(z), m; =infy, , .1 f(z) and Az = 2; —x;_4,
1
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for j € {1,2,...,n},. Since f > 0 on [a,b], m; > 0 for j # i € {1,2,...,n}; from the construction of P,
m; > f(x,)/2. Therefore

L(P, f,a:) = ijij > m,AxL > f(zO) (JUZ — xi_l) > 0.
j=1

If f is integrable,
L(P, f,z) > 0= sup L(P, f,x) /fd:L‘>0

Therefore, if f > 0, f is continuous on [a,b], and f(z,) # 0 for some x, € [a,b], and f is integrable on
[a,b], f: f(z)dz > 0. As a result, if f > 0, f is continuous on [a,b], and f; f(z)dz =0, f(x) = 0 for all
x € [a,b]. O

Page 138, Problem 4. If f(z) = 0 for all irrational z, f(z) = 1 for all rational =, prove that f ¢ R on
[a,b] for any a < b.

Proof. Let P ={a =129 <71 <+ < p_1 <z, = b} be a partition of [a,b], M; = sup},,_, .1 f(x), and
m; = infl,,_, .1 f(z) for j € {1,2,...,n}. Then since it is possible to find a rational or irrational number

between z;_1 and z;, m; =0 and M; =1 for all j € {1,2,...,n}. Therefore
L(P, f,x) ij i —xj—1) =0,

and
n

U(P,f,.’t) :ZMj(xj_‘rjfl) =T, — To :b_a7
j=1

so for all P and € = 3(b— a),
U(P,f,x)_L(P,f7(E):b—a>€.

By Theorem 1, f € R on [a,b] for any a < b. O
Extra Problem. Let 0 0 0. 220
y T = _ y T
so={1020  ew={lIFL

where m,n € Z, m and n have no common factors and n # 0, is f(p(z)) integrable?

Ifx €Q, p(x) #0,s0 f(p(x)) =1, and if z € Q, p(x) =0, so f(p(x)) = 0; that is,

re ={ 725

By problem 4, f(¢(z)) is not integrable on any interval [a, b].



