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MaTH 6337 HW 6

Exercise 2, pg. 88 (in the new edition). If v is a signed measure, E is v-null iff |v|(E) = 0. Also, if v

and p are signed measures, v L p iff [v| L piff v L pand v= L p.

Proof. Let (X, M,v) be a measure space, with v a signed measure. Let F € M and assume |v|(F) = 0,
then vt (E) +v~(E) =0and 0 < v (FE), 0 < v~ (E) implies v(E) = v (E)+v(E) =040 =0, s0if S C E,
S € M, then |v(S)| < |v|(S) < |V|(E) =0 so v(S) = 0. Therefore E is v-null. Assume E is v-null, and let
X = P U N be a Hahn decomposition for v, then

W[(E)=vH(E)+v (E)=vT(ENP)+vT(ENN)+v (ENP)+v (ENN)
=vH(ENP)+v (ENN)=v(ENP)+v(ENN) =0,

so [V|(E) =0 . Therefore E is v-null iff |v|(E) = 0.
Let p be another signed measure on (X, M).
(i) Assume v L p, then there exist E, F € M such that E U F = X, vis null on E, and p is null on F. By
the above result, |v|(E) =0, and for all S C E, S € M, |[v|(S) < [v|(E) =0, so |v|(S) = 0. Therefore
E is |v]-null, so |v| L p.

(ii) Assume |v| L p, then there exist E,F' € M such that |v| is null on F and g is null on F, and
EUF=X.Let SCE, S &M, then v(S) <|v|[(S) =0 and v~ (S) < |v|(S) =0, so v+ and v~ are
null on E. Therefore v+ L pand v~ L p.

(iii) Assume vt | p and v~ L p, then by (i), |u| L v* and || L v~. Therefore there are sets
Et,E~,F* F— such that ET U Ft = X = E~ U F~ and v* is null on ET, v~ is null on E~,
and |p| is null on F* and F~. Let F = FFUF~ and E = F¢ = Et N E~. Then |u|(F) <
|wl(F1)+|u|(F~) = 0 so by the first result shown above, F' is y-null. Furthermore, let S C E, S € M,
then v1(S) < vH(E) < vH(ET) =0and v (S) < v (F) < v (E-) =0, so [v|(S) = 0. Therefore
w Lyl

(iv) Assume |v| L p, then there exist F, F € M such that E' U F = X and |v| is null on E and g is null on
F. Then |v|(E) = 0 so by the first result shown above, E is v-null. Therefore v L p.

Together, (i)-(iv) show v L p < |v| Lp<s vt Lypand v™ L p. O

Exercise 3, pg. 88 (in the new edition). Let v be a signed measure on (X, M).

(a) L'(v) = L'(Jv]).

(b) It f € L'(v), | [ f dv| < [1fd]v].

(c) If Ee M, [v|(E) =sup{| [, fdv|:|f] <1}

Proof. Let v be a signed measure on (X, M).

(a) Let fe L' (v)=L'(v")N L' (v™). Then 0 < [|f| dvt < oo and 0 < [|f| dv™ < oo, so

o< [intart+ [if1av = [if1dv) <.
and f € LY(|v|).

Let f € L'(|v]), then 0 < [|f]| dlv| = [|f| dvT + [|f| dv™ < oo, and the two integrals on the
right are non-negative, so 0 < [ |f| dvt < oo and 0 < [|f| dv™ < oo, so f € L*(vt) and f € L' (v7).
Therefore f € L' (vT) N LY (v™) = LY(v).



This shows L(v) = L(|v|).

(b) Let f € L'(v), then
:'/fdzﬁ—/fdu

fro

<‘/fdl/Jr +‘/fd1/
and since v, v~ are positive measures and |f| > f,

]/fdw +‘/fdv‘ < [ista+ [if1a = [i5l,

so |f f dv| < [1fl dl].
(c) Let E € M. By (b),

sup{‘/Ede :f|§1}§sup{/Ef|dl/|:|f|§1}.

Since |f] < 1, [, 1] dlv| < [ dlv| = [VI(E), so

sup{’/Efdu

Let X = P U N be a Hahn decomposition for v, then

|z/|(E):/E d|y|:/E d1/++/E du_:/E du+—/E(—1) dv~
= /Empldzﬁ—l-/Eledy* - [/Emp(_l) dv~ +/EON(—1) du}

= / 1dv* —/ (1) dv™ = /(XEmP — XENN) dV.
ENP ENN

Since |xgnp — XENN]| = 1,
v|(B) <sup{‘/ Fdvl:1f] < 1},
E

and the inequality in the opposite direction is known, so the two quantities are equal.

)

Al < 1} < 1V|(B).

]

Exercise 4, pg 88 (in the new edition). If v is a signed measure and A, u are positive measures such
that v = A — p, then A > v and p > v~

Proof. Let (X, M,v) be a signed measure space, and A,y be positive measures such that v = A\ — p. Let

X = P U N be a Hahn decomposition for v. Then for all S € M,
v(SNP)=vT(SNP)=ASNP)—u(SNP)=AXSNP)=v"(SNP)+u(SNP)>vT(SNP),
and likewise
V(SNAN)=—v"(SAN)=ASNN) - u(SNN)= u(SAN)=v"(SNN)+ASNN)>v (SNN),

vH(8) = vH(S N P) < ASNP) < AS),

and
v () =v (SNN) < u(SNN) < p(S),

showing A > v and p > v~



