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MaTH 6338 HW 3

Exercise 8, pg. 156 (exer. 6, pg. 146). Let (X, M) be a measurable space, and let M (X) be the space
of complex measures on (X, M). Then ||| = |x|(X) is a norm on M (X) which makes M (X) into a Banach
space. [Use Theorem (5.1).]

Proof. Let (X, M), M(X), and | - || be as stated. Since for all complex measures v, |v| is a finite measure,
I[-1: M(X) — [0, 00).
Let v = v, +iv; € M(X), and assume |v|(X) = 0, then

v < vl = vy L vl = vl ] < ol = [l (X) = v (X) =0,

so by Exercise 2, §3.2 X is v;-null and v,-null, so X is v-null. That is, for all E C X, E € M, v(F) = 0; so
v =0. If v =0, then clearly |v|(X) = 0. Therefore, ||v|| =0« v =0.

Let v1,v2 € M(X), then by Proposition 3.14, |v1 + va| < |v1| + 2|, so |11 + va|| < ||va|| + ||v2]]-

Let A € C, v € M(X), and p be a o-finite positive measure. Since |v| is defined to be the measure
satisfying d|v| = |f|du when dv = fdp,

AV = //\fduéd(/\u) = (Af)dp = d|av| = |Af|du

Aw|(X) = /X Af] da = | /X Fldu= [Av] = Al

Therefore || - || is a norm on M (X).
Let {v,} C M(X) be such that Y, |lvn|| < co. Then for all E € M,

DB <D B <) [wal(B) <Y val(X) =Y [lvall < oo,
n=1 n=1 n=1 n=1 n=1

sov=>3° v,: M—C.
If further, {E;} C M are disjoint, then

o0 oo

V(U?ilEj) = Z Vn(U(;ilEj) = ZVn(Ej) )

n=1 n=1 j=1

and since the E; are disjoint,

(U2, E;)| < ZZ lvn|(Ej) < Z [vnll < oo,
n=1

n=1j=1
so Fubini can be applied, giving
V(U2 Ey) = DY va(Ey) = ) v(E)).
j=1n=1 j=1
Also, v(0) = 372, vu(0) = 0, so v € M(X).
Finally,
N e oo

b= vall =1 D2 wal < D7 lvall =0

n=1 n=N-+1 n=N+1
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since Y07 | |[vn]| < oo; therefore Zivzl v, — v as N — N. That is, absolutely convergent series in M (X)

converge.
By Theorem 5.1, M(X) is complete with respect to the norm ||v|| = |v|(X), and it is a vector space, so
it is a Banach space. O

Exercise 12(b,c) pg. 156 (exer. 11, pg. 147). Let X be a normed vector space and M a proper closed
subspace.

(a) ||z + M| =inf{||lx + y|| : y € M} is a norm on X' /M, called the quotient norm.
(b) For any € > 0 there exists # € X such that ||z|| =1 and ||z + M| > 1 —e.

The projection n(z) = z + M from X to X/ M has norm 1.

If X is complete, so is X'/ M. [Use Theorem (5.1).]

The topology defined by the quotient norm is the quotient topology as defined earlier in Exercise 28, §4.2.

Proof. b) The statement is trivially true for e > 1, because for all z € X, || + M| > 0 > 1 — ¢, so consider
1> e > 0. The fact M is a closed proper subspace of X implies M is not dense in X, so there is an xg € X
such that ||zg + M| > 0. Therefore, there is a sequence {y,} C M such that ||zg — yn| \ ||To + M]].

For all § > 0, there is an Nj such that n > N5 = 0 < ||[xg — yn|| — ||xo + M|| < 6. Let v = ”m& then

zo—yng |
Joll = 1, and
To — YN 1
ot M = [ 22| = i — i, + M1 = o+ M1,
20 = yns | 2o — ynvs |l lzo — s |
Since ||zo — yn; || < [|zo + M| + 4,
[0 + M|
VM| > i ——>1—¢
| | lzo + M|l +6
for an appropriately small choice of §.
Therefore, for any € > 0, there exists © € X such that ||z|]| =1 and [z + M| > 1 —e.
¢) Clearly, (b) above implies ||7|| > 1. Also, 0 € M, soif x € X and |z| =1,
Im(@)]| = [l + M|l = mf{[lz + y[| : y € M} < |z + 0] = [l]| = 1,
so ||7|| < 1. Therefore 7| = 1. O

Exercise 13, pg. 156 (exer. 12, pg. 148).1If || - || is a seminorm on X, let M = {z € X : ||z| = 0}.
Then M is a subspace, and ||z + M| = ||z|| defines a norm on X'/ M.

Proof. Let X, |||, M be as stated, with IF the field associated with X. Then 0 € M, so M # 0. If 2,y € M
and A € F, then
Iz + Myl < [lzll + [Alllyll = 0,
so x + Ay € M, and M is a subspace of X.
Ifx4+ M=y+ M, then z —y =m € M. Therefore
Izl = lly +ml < llyll + llm] =yl
lyll = llz = ml| < [lz]| + [lm]| = [|=[],
so [[yll = llz[| = [lz + Mllx/m = [ly + Mllx a5 50 || - 1 x/m 2 X/ M — [0, 00) is well-defined.
Also,
(@ +y) + Mllx/p =z +yll < [zl + [[yll = |z + Ml x 0+ lly + Mllx
so the triangle inequality holds.



If AeT,
Az + M| x/m = [[Az]l = [Alllz]] = [Alllz + Ml|x a1,
and
e+ Mlxm=0&lz| =02 ME 2+ M=0x/1-
Therefore [ - || x/a¢ is @ norm on X/ M. O
Exercise 15, pg. 156 (exer. 14, pg. 148). Suppose X and ) are normed spaces and let T € L(X,)).
(a) N(T) ={x: Tz =0} is a closed subspace of X.

(b) If M is a closed subspace of N(T), there is a unique S € L(X/M,Y) such that T = S o m where
7w X — X /M is the projection. Moreover, ||S| = ||T|-

Proof. (a) Let X, Y, T, N(T) be as given, and let {z,} C N (T), with z,, — x € X. Then
[Tz| = 1Tz = Tan|| = |T(z = z0)| < [Tz —2al — 0,

so [|[Tz|]| =0 = Tx =0, and z € N(T). Also, 0 € N(T), so N(T) # 0, and if z,y € N(T) and )\ is a
scalar, then

T(x+ A y) =Tz + Ty =0+ A0 =0,

so x + Ay € N(T'). Therefore N(T) is a closed subspace of X.
(b) Let M be a closed subspace of N(T), and define S : X/M — Y by S(x + M) = Tz. Then S is
well-defined: if x + M =y 4+ M, then x —y =m € M, so

Se4+M)=Te=T@y+m)=Ty+Tm=Ty=S(y+ M),
and T = Som: for all x € M,
(Som)(z) =S+ M) ="Tx.
Clearly S is linear: if z,y € M and X is a scalar,
S+ dy+M)=T(x+ A y) =Tz + Ty =S(x+ M)+ AS(y + M).

Also, since ||z + M|| = 1 implies there is a sequence {y,} € M such that ||z — y,|| \, || + M| = 1, if
|z + M| =1, then

1Tzl = T2 = Tyal = [IT(z = yo) || < I Tllz = yall = I,
S0
151} = sup{[|S(x + M)« [l + M| = 1} = sup{|[T| : [z + M| = 1} < [T,
and since S € L(X/M,Y) and 7w € L(X, X/M),
1T =[S omll < Sl < [IS]],

so [Tl = [151]-
Therefore S € L(X/M,Y) is the unique function satisfying T'= S o 7.



