
Alex Gittens
April 25, 2006

Math 6338 HW 5

Exercise 63a, pg. 178 (pg. 170). Let X be an infinite-dimensional Hilbert space. Then every orthonormal
sequence in X converges weakly to zero.

Proof. Let {xn}n∈N ⊂ X be an orthonormal sequence, and let f ∈ X ?. Then there is a y ∈ X such that
f(x) = 〈x, y〉 for x ∈ X . Applying Bessel’s inequality,∑

n∈N
|〈y, xn〉|2 ≤ ‖y‖2,

gives f(xn) = 〈y, xn〉 → 0 = f(0) as n →∞. Since this is true for all f ∈ X ?, xn → 0 weakly. �

Exercise 9, pg. 187 (pg. 179). If ‖fn− f‖p → 0 where p < ∞, then fn → f in measure, and hence some
subsequence converges to f a.e. On the other hand, if fn → f in measure and |fn| ≤ g ∈ Lp for all n where
p < ∞, then ‖fn − f‖p → 0.

Proof. Let ‖fn − f‖p → 0 with p < ∞. Given ε > 0, let En,ε = {x : |fn(x)− f(x)| > ε}, then

‖fn − f‖p
p =

∫
|fn − f |p ≥

∫
En,ε

|fn − f |p > εpµ(En,ε) ⇒ ε−p‖fn − f‖p
p > µ(En,ε),

so ‖fn − f‖p → 0 implies fn → f in measure.
Let fn → f in measure and |fn| ≤ g ∈ Lp for all n, with p < ∞. Then by Theorem 2.30, there is a

subsequence {fnk
} such that fnk

→ f a.e. Therefore, |f | ≤ g a.e., so f ∈ Lp, so fn − f ∈ Lp for all n. Since
fnk

− f → 0 a.e. and |fnk
− f |p ≤ 2p|g|p a.e., by the DCT,

‖fnk
− f‖p

p =
∫
|fnk

− f |p →
∫

0 = 0.

By the above procedure, given a subsequence of {fn}, one can find a subsequence {fn′} of the given one
which satisfies

‖fn′ − f‖p → 0.

Assume this does not hold for the original sequence {fn}, i.e. ‖fn − f‖p 6→ 0, then there is a ε > 0 and a
subsequence {fnk

} such that ‖fnk
− f‖p > ε for all nk. But then no subsequence of {fnk

} converges to f in
Lp. This contradiction implies that the original sequence satisfies

‖fn − f‖p → 0.

�

Exercise 22a, pg. 192 (pg. 184). Let X = [0, 1], with Lebesgue measure. Let fn(x) = cos 2πnx. Then
fn → 0 weakly in L2 (cf. Exercise 5.63), but fn 6→ 0 a.e. or in measure.
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Proof. Let m,n ∈ N, then

〈
√

2fn,
√

2fm〉 = 2
∫

[0,1]

cos(2πnx) cos(2πmx) dx =

=
∫

[0,1]

cos(2π(n−m)x) + cos(2π(n + m)x) dx

=

1 n = m

0 n 6= m
,

that is, {
√

2fn} is an orthonormal sequence in L2(X), so
√

2fn → 0 weakly by the first exercise, or ∀y ∈
L2(X), 〈

√
2fn, y〉 =

√
2〈fn, y〉 → 0, so fn → 0 weakly also.

Let En, 1√
2

=
{

x : |fn(x)| > 1√
2

}
. Note that fn consists of n periods of the 1

n periodic restriction of fn to

[0, 1
n ], so

µ
(
En, 1√

2

)
= nµ

({
x : x ∈

[
0,

1
n

]
, |fn(x)| > 1√

2

})
,

and {
x : x ∈

[
0,

1
n

]
, | cos(2πnx)| > 1√

2

}
=

[
0,

1
8n

]
∪

[
3
8n

,
5
8n

]
∪

[
7
8n

,
1
n

]
,

so µ(En, 1√
2
) = n× 2× 2

8n = 1
2 . Since µ(En, 1√

2
) 6→ 0 as n →∞, fn 6→ 0 in measure.

Assume fn → 0 a.e., then |fn| ≤ 1 implies by the DCT that∫
X

|fn| →
∫

0 = 0,

but ∫
X

|fn| =
n∑

c=1

∫
[0, 1

n ]
| cos 2πnx| =

n∑
c=1

2
nπ

=
2
π

.

This contradiction shows fn 6→ 0 a.e.
�


